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Drews I n s t i t u t i o n a l i z e d  Divvy Economy* 
George B.  Dantz ig  
Background o f  t h e  Problem 
Th i s  i s  a  s i m p l i f i e d  v e r s i o n  o f  an  economy c o n s i d e r e d  by 
W . P .  ~ r e w s l  , i n  which he  showed how a  marke t - c l ea rance  mechanism 
cou ld  s e r v e  t o  d e f i n e  t h e  o b j e c t i v e  op t imized  by t h e  " i n v i s i b l e  
hand" o f  a  c o m p e t i t i v e  economy. More s p e c i f i c a l l y ,  he worked 
wi th  t h e  p a t t e r n s  o f  e x p e n d i t u r e  by which each  i n s t i t u t i o n a l i z e d  
"consumer group" would d i s p o s e  o f  i t s  s u r p l u s  income, and showed 
t h a t  a  s e t  o f  e q u i l i b r i u m  p r i c e s  would e x i s t  such  t h a t  r e s o u r c e  
e a r n i n g  power would e q u a l  e x p e n d i t u r e s  o f  s u r p l u s  d i s p o s a b l e  
income, f o r  each  "consumer group".  
I n  t h i s  p a p e r ,  Drewsf model i s  modif ied  i n  such  a  way t h a t  
t h e  s i z e s  o f  t h e  i n s t i t u t i o n a l i z e d  "consumer groups"  and t h e  
p r i c e s  charged  by o t h e r  i n s t i t u t i o n s  c o n t r o l l i n g  " r e s o u r c e s "  a r e  
manipula ted  by t h e s e  i n s t i t u t i o n s  i n  a n  e f f o r t  f o r  each  t o  a c h i e v e  
i t s  s h a r e  o f  t h e  t o t a l  money f lows  a s  ag reed  upon by t h e  " p o l i t i c a l  
p roces s1 ' - - fo r  example,  by t r a d i t i o n s  and n e g o t i a t i o n s .  
Thus t h i s  i n s t i t u t i o n a l i z e d  view o f  t h e  economy i n j e c t s  i n t o  
t h e  u s u a l  framework o f  t e c h n o l o g i c a l  r e l a t i o n s  a n  a d d i t i o n a l  
mechanism--the " i n v i s i b l e  hand" o r  " p o l i t i c a l  p r o c e s s " ,  which can  
a r b i t r a r i l y  s e t  t h e  p r o p o r t i o n s  of  t o t a l  money f lows  t o  d i f f e r e n t  
i n s t i t u t i o n s .  Our purpose  i s  t o  show t h a t  once t h e s e  a r e  ag reed  
upon, a l l  o t h e r  q u a n t i t i e s ,  such  a s  t h e  l e v e l s  o f  i n d u s t r i a l  
* 
T h i s  pape r  i s  a  r e v i s e d  v e r s i o n  o f  Report  73-7 (September 1973 
Department o f  Ope ra t ions  Research ,  S t a n f o r d  U n i v e r s i t y .  The l a t t e r  
r e s e a r c h  was p a r t i a l l y  suppor t ed  by t h e  U.S. N a t i o n a l  Sc i ence  
Foundat ion  (Grant GP 31393 X l ) .  
I P r i v a t e  communication. 
p r o d u c t i o n ,  p r i c e s  o f  consumer goods and r e s o u r c e s ,  and t h e  s i z e s  
o f  consumer groups can  be de termined .  Among o t h e r  t h i n g s ,  i t  
a l l o w s  " P a r k i n s o n ' s  Law" t o  o p e r a t e  w i t h  f u l l  f o r c e .  
I n  t h i s  economy t h e r e  i s  one t y p e  o f  i n s t i t u t i o n  t h a t  c o n t r o l s  
t h e  r e s o u r c e s  l i k e  l a b o r ,  l a n d ,  o i l ,  i r o n  o r e ,  c a p a c i t y  o f  v a r i o u s  
t y p e s  o f  machine and p l a n t  c a p a c i t y  ( e . g . ,  r e f i n e r y  c a p a c i t y ) .  
Nothing p r e v e n t s  each  o f  them from c h a r g i n g  any p r i c e  t h e y  p l e a s e  
f o r  t h e i r  " r e sou rce"  excep t  a  k ind  o f  l i v e - a n d - l e t - l i v e  under-  
s t a n d i n g  between i n s t i t u t i o n s  which s t i p u l a t e s  t h e  p r o p o r t i o n s  o f  
t h e  t o t a l  money f lows  from t h e  pu rchases  o f  t h e i r  r e s o u r c e s  t h a t  
each  i s  e n t i t l e d  t o  r e c e i v e .  I n  a  s e n s e  t h e  p r o p o r t i o n s  o f  t h e  
t o t a l  money f lows ( r e v e n u e s )  t h a t  each  i n s t i t u t i o n  r e c e i v e s  i s  a  
measure o f  i t s  i n f l u e n c e  and i t  i s  t h i s  t h a t  has  been f i x e d  by t h e  
" p o l i t i c a l  p r o c e s s w - - f o r  example, by c o l l e c t i v e  b a r g a i n i n g ,  by 
t r a d i t i o n ,  o r  by a r b i t r a t i o n .  It i s  t h e n  up t o  v a r i o u s  i n s t i t u -  
t i o n s  t o  man ipu la t e  t h e  p r i c e s  t hey  cha rge  f o r  r e s o u r c e s  i n  o r d e r  
t o  t r y  t o  a c h i e v e  t h e  s t i p u l a t e d  money f lows .  
The revenues  t h u s  r e c e i v e d  by t h e  r e s o u r c e  i n s t i t u t i o n s  a r e  
t r a n s f e r r e d  t o  a  second t y p e  o f  i n s t i t u t i o n s  which we c a l l  consumer 
g roups .  A s  a n  example,  workers  a s s o c i a t e d  w i t h  t h e  l a b o r - r e s o u r c e  
i n s t i t u t i o n  could  be one such  consumer group.  Except  f o r  un ion  
d u e s ,  p e n s i o n  funds ,  and t a x e s ,  a l l  o t h e r  monies r e c e i v e d  f o r  t h e  
s a l e  o f  t h e  pr imary  r e s o u r c e  l a b o r  would be g i v e n  ove r  t o  t h e  
workers  a s  "wages". A d m i n i s t r a t i v e  p e r s o n n e l  ( e x e c u t i v e s )  a s s o c i a t e d  
w i t h  a  ' r e sou rce  would be a  second example. Other  examples o f  
consumer groups  would be  government worke r s ,  r e s e a r c h  i n s t i t u t e s ,  
u n i v e r s i t i e s ,  and e d u c a t i o n  g e n e r a l l y  which f o r  t h e  most p a r t  g e t  
t h e i r  fund ing  v i a  t a x a t i o n .  S t i l l  o t h e r  consumer groups  ( l i k e  
p r i v a t e  u n i v e r s i t i e s ,  banks ,  and l i t t l e - o l d - l a d i e s )  own s t o c k  i n  
v a r i o u s  r e s o u r c e  i n s t i t u t i o n s  as t h e i r  s h a r e  o f  p r o f i t s  a f t e r  
t a x e s .  We assume t h a t  each  consumer group i n  t u r n  u ses  t h e  money 
it  r e c e i v e s  t o  purchase  consumer goods and each  such  group has  a  
b i l l -o f - consumer  goods which i s  c h a r a c t e r i s t i c  o f  t h e  group.  
(No th ing ,  o f  c o u r s e ,  p r e v e n t s  two consumer groups  from hav ing  t h e  
same v e c t o r  i n p u t  o f  consumer goods p e r  pe r son .  I f  s o ,  t h e n  f o r  
t h e  purpose  o f  t h i s  a n a l y s i s  t hey  cou ld  be  combined i n t o  one 
group.  ) The t r a n s f e r  o f  funds  from r e s o u r c e  i n s t i t u t i o n s  t o  
consumer groups  i s  assumed t o  be  g i v e n .  
The s i z e  o f  a consumer group i s  f r e e  t o  va ry .  For  example,  
if t h e  U.S. Congress  budge t s  a l o t  of  t a x  money f o r  Aerospace 
Research ,  t h e n  p r e s t o  a  l o t  o f  peop le  become a s s o c i a t e d  w i t h  t h i s  
a c t i v i t y .  I f  t h e s e  funds shou ld  be  r e a l l o c a t e d  e l s ewhere  ( s a y  t o  
Energy R e s e a r c h ) ,  t h e n  ( l i k e  b e e s  going  t o  honey)  people  change 
j o b s  and a s s o c i a t e  themselves  w i t h  t h e  newly formed groups .  Again, 
we assume t h a t  t h e  p r o p o r t i o n s  o f  t h e  t o t a l  money f lows t h a t  each  
o f  t h e  consumer groups  has  been a l l o t t e d  i s  f i x e d  by t h e  " p o l i t i c a l  
p r o c e s s " ,  e . g . ,  by changing n a t i o n a l  p r i o r i t i e s ,  by s t o c k  owner- 
s h i p ,  by t h e  t a x  s t r u c t u r e ,  by b a r g a i n i n g .  It i s  t h e n  up t o  t h e  
consumer groups  t o  man ipu la t e  t h e i r  s i z e s  s o  t h a t  t h o s e  peop le  who 
remain a s s o c i a t e d  ( o r  become a s s o c i a t e d )  w i t h  t h e  consumer g roup ,  
o b t a i n  a  good s t a n d a r d  o f  l i v i n g  ( i . e . ,  o b t a i n  t h e i r  c h a r a c t e r i s t i c  
b i l l  o f  goods ,  a t  a t o t a l  c o s t  t h a t  i s  w i t h i n  t h e  budget  a l l o t t e d  
t o  t h e  consumer g r o u p ) .  
Thus t h e  p r o p o r t i o n s  o f  t h e  t o t a l  money f lows f o r  pu rchases  
o f  r e s o u r c e s  a r e  s t i p u l a t e d  by t h e  " p o l i t i c a l  p roces s " - - a l so  
s t i p u l a t e d  a r e  t h e  p r o p o r t i o n s  t h a t  each  consumer group g e t s  a f t e r  
t r a n s f e r .  Our problem i s  t h e  f o l l o w i n g :  Is t h e r e  a  s e t  o f  p r i c e s  
f o r  r e s o u r c e s  and s i z e s  f o r  t h e  consumer groups t h a t  can  a c h i e v e  
t h e  s t i p u l a t e d  p r o p o r t i o n s ?  
The p r o p o r t i o n s  yi 
o f  t o t a l  money f lows  
t o  i n s t i t u t i o n a l i z e d  
r e s o u r c e  groups a r e  
Tot a 1  
Money 
Flows 
( GNP ) 
The p r o p o r t i o n s  6  o f  
-b 
j 
Y 1  
-b 6  t h e  t o t a l  money f lows  
Y 2  
-b -b 6  t r a n s f e r r e d  t o  consu- 
2 
mer groups a r e  f i x e d  
f i x e d  by t h e  p o l i t i -  yr -b -b 6s by t h e  p o l i t i c a l  p ro-  
c a l  p r o c e s s .  c e s s  . 
Black Box 
We s h a l l  show f o r  a  L e o n t i e f  t ype  economy (which p a s s i v e l y  
t r a n s f o r m s  r e s o u r c e s  i n t o  consumer goods )  under  t h e  assumpt ion  o f  
p o s i t i v i t y  o f  c e r t a i n  c o e f f i c i e n t s ,  t h a t  p r i c e s  f o r  r e s o u r c e s  and 
s i z e s  f o r  consumer groups do e x i s t .  
Of c o u r s e ,  i n  p r a c t i c e  some o f  t h e  p r i c e s  a s  w e l l  a s  s i z e s  
may a l s o  be f i x e d  by t h e  p o l i t i c a l  p r o c e s s e s  and some o f  t h e  
t o t a l  money f lows  a r e  f r e e  t o  va ry .  T h i s  s u g g e s t s  t h e  s tudy  o f  
a  v a r i e t y  o f  r e l a t e d  problems.  
The M a t h e m a t i c a l  Model 
We now make a l l  t h i s  m a t h e m a t i c a l l y  p r e c i s e  and t h e n  p r o v e  
t h e  t h e o r e m  j u s t  o u t l i n e d .  The i n t e r - i n d u s t r y  r e l a t i o n s  o f  t h e  
consumer  goods i n d u s t r y  a n d  t h e  p r o d u c t s  t h e y  p r o d u c e  a r e  d e f i n e d  
by a  s q u a r e  n  x n  L e o n t i e f  M a t r i x  L. T h e s e  i n d u s t r i e s  must p u r -  
c h a s e  i.n a d d i t i o n  r r e s o u r c e s  f rom t h e  r e s o u r c e  i n s t i t u t i o n s .  
The r x  n  m a t r i x  R w i l l  d e n o t e  t h e  i n p u t s  c o e f f i c i e n t s  o f  r e s o u r c e s  
p e r  u n i t  l e v e l  o f  p r o d u c t i o n ,  e . g . ,  row i o f  R ( d e n o t e d  R ) i s  t h e  i* 
i n p u t  v e c t o r  o f  r e s o u r c e  i i n t o  v a r i o u s  consumer  goods  i n d u s t r i e s  
e x p r e s s e d  i n  n a t u r a l  u n i t s ,  e . g . ,  man h o u r s ,  s q u a r e  f e e t ,  BTL' s .  
The n  x s m a t r i x  C w i l l  d e n o t e  t h e  consumpt ion  p a t t e r n s  ( b i l l - o f -  
g o o d s )  o f  t h e  v a r i o u s  consumer  g r o u p s ,  e . g . ,  column j o f  C 
( d e n o t e d  by C. ) i s  t h e  d e s i r e d  b i l l - o f - g o o d s  o f  consumer  g r o u p  j j 
i f  i t s  c o r r e s p o n d i n g  p r o p o r t i o n a l  s i z e  IJ = 1. j 
GIVEN: L :  S q u a r e  L e o n t i e f  I n p u t - O u t p u t  M a t r i x  
R :  R e s o u r c e  I n p u t  M a t r i x  
C :  C o n s u m p t i o n - P a t t e r n  O u t p u t  M a t r i x  
TO BE DETERMINED: x :  Leve l s  o f  Consumer I n d u s t r i e s  
y :  P r i c e s  o f  Consumer Goods 
X :  P r i c e s  o f  Primary Resources  
: S i z e s  o f  Consumer Groups 
where p r i c e s  and s i z e s  a r e  r e l a t i v e  p r i c e s  and r e l a t i v e  
s i z e s ,  s o  t h a t  
The ave rage  b i l l  o f  goods i s  g i v e n  by Cp = C C . j p j .  Simi-  
l a r l y ,  t h e  c o s t  o f  p u r c h a s i n g  r e s o u r c e s  t o  produce 1 u n i t  o f  
consumer goods k  i s  C XiRik. The v e c t o r  o f  a l l  t h e s e  c o s t s  f o r  
i 
t h e  v a r i o u s  p r o d u c t i o n  a c t i v i t i e s  k  = ( 1 ,  ..., n )  a t  u n i t  l e v e l  i s  
g i v e n  by XR = C XiRi , .  T h e r e f o r e ,  t h e  p r o d u c t i o n  l e v e l s  x  and t h e  
consumer goods p r i c e s  y  a r e  g i v e n  i n  t e rms  o f  X and p by ( 2 ) .  
Moreover Ri,x i s  t h e  t o t a l  amount o f  r e s o u r c e  i purchased  a t  p r i c e  
X i ,  SO t h a t  ( 3 )  g i v e s  t h e  t o t a l  money f l o w s  t o  r e s o u r c e  i n s t i t u t i o n  
i which i s  s t i p u l a t e d  t o  be  p r o p o r t i o n a l  t o  Y i .  
where yi i s  g iven  and p  i s  a  s c a l a r  f a c t o r  o f  p r o p o r t i o n a l i t y  
t h a t  w i l l  need t o  be de termined  (p can  be i n t e r p r e t e d  a s  t h e  
t o t a l  money f lows when we u s e  r e l a t i v e  p r i c e s  X i  and r e l a t i v e  
s i z e s  p bo th  o f  which sum t o  o n e ) .  j 
R e c a l l i n g  t h a t  C. i s  t h e  b i l l  of goods o f  t h e  j - t h  consumer j 
group,  t h e n  yC, .p i s  t h e  c o s t  o f  i t s  b i l l  o f  goods i f  i t s  s i z e  
J j 
i s  p The c o s t  o f  t h e  b i l l  o f  goods o f  t h e  j - t h  consumer group j ' 
i s  a l s o  s t i p u l a t e d  by t h e  " p o l i t i c a l  p r o c e s s "  and l e t t i n g  6 be j 
t h e  s t i p u l a t e d  p r o p o r t i o n  o f  t o t a l  money f lows  we r e q u i r e  t h a t  
where 6 i s  g iven  and p ,  t h e  f a c t o r  o f  p r o p o r t i o n a l i t y ,  t u r n s  j 
o u t  t o  be  t h e  same a s  t h a t  o f  ( 3 ) .  The e q u a l i t y  o f  t h e  s c a l a r  
f a c t o r s  i n  ( 3 )  and ( 4 )  i s  e a s i l y  e s t a b l i s h e d  by summing ( 3 )  
and r e p l a c i n g  XR by yL and by summing ( 4 )  and r e p l a c i n g  Cp by 
Lx, s e e  ( 2 ) .  
S u b s t i t u t i n g  t h e  v a l u e s  o f  x and y  from ( 2 )  we have 
( 5 )  XiRi.L-'cp = pyi  , f o r  i = (1, ..., r ) .  
( 6 )  X R L - ~ C . ~ ~ ~  = p s j  , f o r  j = (1, ..., s ) .  
I f  we s e t  
where M i s  r x  s ,  
t h e n  ( 5 )  and ( 6 )  simply s t a t e  t h a t  we s e e k  a  X i n  t h e  s implex  
r 
S = {XIXi, 0 ,  C X i  = 11  and a  IJ i n  t h e  s implex  
i = 1 
S 
T = {  2 0  C y j  = 11  such  t h a t  t h e  r e s c a l e d  m a t r i x  j =1 
[ A . M .  . p  .] has  row sums p r o p o r t i o n a l  t o  y  = (y  . . , y r )  and 
1 1 J  J  
column sums p r o p o r t i o n a l  t o  6  = (6  , . . . , t i s ) .  
1 
Note t h a t  R 2 0 ,  and C - > 0 ,  and L-' - > 0  because  L i s  a  
L e o n t i e f  Ma t r ix ,  s o  t h a t  M = RL-'C 2 0 .  (The theorem t h a t  f o l l o w s  
assumes M > 0 . )  I f  M has  a  column o f  a l l  z e r o s  one w i l l  no t  be 
a b l e  t o  r e s c a l e  i t  t o  o b t a i n  a  s p e c i f i e d  non-zero column sum. Our 
purpose  h e r e  i s  n o t  t o  s p e c i f y  t h e  most g e n e r a l  form o f  M 2 0  f o r  
which t h e  theorem h o l d s ,  n o r  i s  i t  t o  deve lop  t h e  most e f f i c i e n t  
a l g o r i t h m  f o r  f i n d i n g  t h e  r e s c a l i n g  f a c t o r s  when they  do e x i s t ,  bu t  
r a t h e r  t o  s e t  down t h e  main problem i n  a  symmetric  format  w i t h  
d u a l  r o l e s  f o r  p r i c e s  and s i z e s  and t o  show under  r e a s o n a b l e  
c o n d i t i o n s  t h a t  t h e s e  p r i c e s  and s i z e s  can  be  de t e rmined .  
Theorem. Given M > 0, r x s, and (yi, ..., Ys) 2 0, C 6s = 1, 
(6ia...y6s) 5 0, C 6j = 1, then there exist XES, PET and a 
scalar p such that 
( 8  c A.M. .p = pyi , 
1 1~ j for i = (l,...,r), j 
for j = (l,...,~). 
where 
r 
( 9 )  S Simplex: C A I  C Xi = l,Xi 2 01 , 
i = 1 
s 
T Simplex: (pl 1 p = 1 ,  -> 0 . 
j =1 
Proof. Starting with any XES determine a mapping of X + PET 
by first setting 
and then normalizing p' to obtain p 
Next map back this p + XES by 
and then normalizing X' to obtain X 
for j = (l,...,~). 
for i = (ly.. . ,r). 
The two s u c c e s s i v e  mappings a r e  a  mapping i n  S :  X + 1 
which i s  c l e a r l y  con t inuous  i n  X i f  M i j  > 0. By t h e  Brouwer 
F ixed-Poin t  Theorem, t h e r e  e x i s t s  a  X such  t h a t  1 = X .  See 
c4 , 61 . 
What we have shown i s  t h a t  g i v e n  any a r b i t r a r y  a l l o c a t i o n  
o r  "d ivvying"  o f  t h e  p r o p o r t i o n s  o f  t o t a l  money f lows  t o  
r e s o u r c e  i n s t i t u t i o n s  and r e a l l o c a t i o n  t o  consumer g roups ,  i t  
i s  always p o s s i b l e  f o r  t h e  economy t o  a d j u s t  i t s  p r i c e s  f o r  
r e s o u r c e s  and t o  a d j u s t  t h e  s i z e s  o f  i t s  consumer groups  s o  a s  
t o  a c h i e v e  t h e  agreed-upon money f lows .  
An i t e r a t i v e  method can  be used t o  s o l v e  f o r  X i  and p j ' 
S t a r t i n g ,  f o r  example,  w i t h  a r b i t r a r y  p r i c e s  f o r  r e s o u r c e s  
X i  = X p  > 0 ,  ( 6 )  i s  s o l v e d  f o r  t h e  s i z e s  o f  consumer groups  
p j  = p i .  T h i s  can i n  t u r n  be s u b s t i t u t e d  i n t o  ( 5 )  t o  o b t a i n  
t h e  nex t  i t e r a t e  X i  = A:, e t c .  The i t e r a t i v e  p rocedure  i s  t h e  
same a s  t h a t  used by A .  Evans [2], S .  Evans [3] and by A . G .  
Wilson [7]. Proof o f  convergence can a l s o  be found i n  a  l e t t e r  
t o  t h e  a u t h o r  d a t e d  8 A p r i l  1974 by James Bigelow o f  RAND.  The 
i t e r a t i v e  p rocedure  j u s t  o u t l i n e d  could  be  used w i t h  non-reduced 
d a t a .  Fo r  example,  i n i t i a l  p r i c e s  X cou ld  be a s s i g n e d  t o  
r e s o u r c e s .  The ave rage  c o s t  o f  r e s o u r c e s  XR cou ld  be  used t o  
de t e rmine  p r i c e s  y  o f  consumer goods u s i n g  r e l a t i o n  ( 2 ) .  Next y  
cou ld  be used  t o  de t e rmine  s i z e s  o f  consumer groups  p u s i n g  
r e l a t i o n  ( 4 )  w i t h  p  = 1. Then r e l a t i o n  ( 2 )  i s  used t o  de t e rmine  
l e v e l s  o f  p r o d u c t i o n  x .  F i n a l l y  ( 3 )  w i t h  p  = 1 i s  used  t o  r e -  
e s t i m a t e  A ,  e t c .  i t e r a t i v e l y .  
A s  we n o t e d  e a r l i e r ,  i n  real  s i t u a t i o n s  o f t e n  some o f  t h e  
p r i c e s  f o r  r e s o u r c e s  and  t h e  s i z e s  o f  consumer  g r o u p s  a r e  f i x e d  
by t h e  p o l i t i c a l  p r o c e s s  i n s t e a d  o f  t h e  p r o p o r t i o n s  o f  money 
f l o w s .  These  c o n s i d e r a t i o n s  g i v e  r ise  i n  p r a c t i c e  t o  a v a r i e t y  
o f  r e l a t e d  models  where  t h e  r o l e s  o f  t h e  v a r i o u s  v a r i a b l e s  a n d  
t h e  f i x e d  p a r a m e t e r s  which we c o n s i d e r e d  h e r e ,  g e t  i n t e r c h a n g e d .  
An O p t i m i z a t i o n  Problem A s s o c i a t e d  w i t h  Drews'  Divvy Economy 
The b a s i c  r e l a t i o n s  are t o  f i n d  x = ( x 1 , x 2 ,  ..., x n )  2 0 ,  
Y = ( Y ~  , y 2 , .  a .  , Y n )  ) 0 ,  (Al 9 .  . ,Ar) 2 0 ,  (Il l  9 . .  . , U S )  ) 0  
s u c h  t h a t  
where  Cia  > 0 ,  R k j  > 0 ,  Lij  > 0  f o r  i # j and Lii < 0 ,  yk > 0 ,  
6 > 0  a r e  g i v e n .  a 
An Opt imiza t ion  Problem Assoc i a t ed  w i t h  a  Reduced Problem 
The s q u a r e  m a t r i x  [ -L. . ]  i s  assumed t o  have a  s u f f i c i e n t l y  
1 J 
dominant d i a g o n a l  t h a t  [-L..]- '  > 0 .  By f a c t o r i n g  o u t  yi i n  
1 J 
( 1 4 )  and x i n  ( 1 5 ) ,  i t  i s  p o s s i b l e  t o  s o l v e  -Lx = Cp f o r  x and j 
-yL = AR f o r  y .  Then, a s  we have no ted  e a r l i e r ,  by s u b s t i t u t i n g  
f o r  x and y  we have reduced  t h e  o r i g i n a l  problem t o  t h e  w e l l -  
known problem o f  r e s c a l i n g  t h e  rows and columns o f  a  m a t r i x  M s o  
a s  t o  have s p e c i f i e d  row and column sums, namely f i n d  A i  2 0 ,  
p j  2 0  such  t h a t  
where M = R L - ' C  > 0 .  P r o f e s s o r  A . G .  Wilson (Leeds U n i v e r s i t y ,  
Grea t  B r i t a i n )  has  p o i n t e d  o u t  ( i n  a n  i n f o r m a l  n o t e  d a t e d  
3 March 1974)  t h a t  t h e  l a t t e r  problem i s  e q u i v a l e n t  t o  s o l v i n g  
t h e  f o l l o w i n g  convex program [5, 71 . Note t h a t  ( 1 8 )  d i f f e r s  
from ( 8 )  i n  t h a t  we no l o n g e r  no rma l i ze  X and p .  
S S 
+ Log ( X i j  
m n  
( 1 9 )  MinG(X)  = c c x ~ ~ [ - L o ~ M ~ ~  ; a =  r c x i j  
i=1 j=1 i=1 j=1  
s u b j e c t  t o  
i = (1, ..., r )  : Log X i ,  
where t h e  O p t i m a l  Lagrange  M u l t i p l i e r s  a s s o c i a t e d  w i t h  t h e  
c o n s t r a i n t s  ( 2 0 )  and  ( 2 1 )  f o r  t h e  m i n i m i z i n g  s o l u t i o n  t u r n  o u t  
t o  b e  Log X i  and Log p j  and  s a t i s f y  X i j  = A . M .  .p 1 1j j '  
I n d e e d ,  a t  a minimum f o r  X i j  2 0 ,  we h a v e  t h e  Kuhn-Tucker 
C o n d i t i o n  
aG 
- -  
ax i  
- Log X i  + Log p j  
where  G ( X ) ,  t h e  well-known Gibbs  F r e e  Energy  F u n c t i o n  ( o f  t h e  
Chemica l  E q u i l i b r i u m  Prob lem) ,  h a s  t h e  p r o p e r t y  t h a t  
a  G 
- = -Log M i j  + Log [xij /o] . 
axi  
Thus ,  by e q u a t i n g  t h e  r e l a t i o n s  a b o v e ,  we h a v e  
It i s  c o n v e n i e n t  t o  n o r m a l i z e  ( 1 8 )  s o  t h a t  
f o r  o t h e r w i s e  t h e  d e r i v e d  m u l t i p l i e r s  X i  and p  would b e  p r o p o r -  j 
t i o n a l  t o  X i  and  p  Because  t h e  r a n k  o f  ( 2 0 )  and  ( 2 1 1 ,  as a j 
l i n e a r  s y s t e m  i n  X i j ,  i s  m + n-1,  t h e  m u l t i p l i e r s  a r e  n e v e r  
u n i q u e l y  d e t e r m i n e d ;  i n d e e d  X i  c a n  b e  r e p l a c e d  by O X i  a n d  p by j 
An O p t i m i z a t i o n  P r o b l e m  A s s o c i a t e d  w i t h  t h e  O r i g i n a l  P r o b l e m  
We s u b s t i t u t e  f o r  yiLiixj  = - W i i y  y iL i jx j  = W i j  , 
yiCiL" = ViL, X R . x  = U k j  a n d  s e e k  a  c o n v e x  o b j e c t i v e  f u n c t i o n  k  k~ j 
i n  t h e s e  v a r i a b l e s  whose v a r i a b l e s  a t  a  minimum s o l u t i o n  ( s u b j e c t  
t o  t h e  c o n s t r a i n t s )  t u r n  o u t  t o  h a v e  t h e  r e q u i r e d  p r o d u c t  f o r m a t .  
A n a l o g o u s  t o  ( 1 9 )  ... ( 2 2 )  we h a v e  t h e  s y s t e m  ( 2 4 )  ... ( 2 8 )  b e l o w  
w h i c h  a p p e a r s  t o  h a v e  a  non-convex  o b j e c t i v e  b u t  i s  i n  f a c t  
c o n v e x  s u b j e c t  t o  ( 2 5 )  ... ( 2 8 ) .  
n  n  
( 2 4 )  Min G(u,V,W) = C C W i j   LO^ Lij  + Log (Wij /a  11 
i=1 j=1 
i # j  
- C wii[-Log (-Lii)  + Log (wi i /o ) l  
i 
n s 
+ C Z viL[-L0g CiL  + Log (v iL/o)]  
i=1 L = 1  
w h e r e ,  by  d e f i n i t i o n ,  
S u b j e c t  t o  
( 2 5 )  c W i j  - W i i  + C  Via = 0 , i = (1, ..., n )  : Log y i ,  
j #i a 
C  W i j - W  + C U  = O  , j j  k j  j = (1, ..., n )  : Log x  i# j j  ' 
C  U k j  = yk , k  = (1, ..., r )  .: Log X i ,  
j 
where t h e  Lagrange M u l t i p l i e r s  a s s o c i a t e d  w i t h  t h e s e  r e l a t i o n s  
a r e  shown on t h e  r i g h t .  
To e s t a b l i s h  c o n v e x i t y ,  n o t e  t h a t  a = C  yk = C  6 &  f o l l o w s  
from ( 2 5 )  ... ( 2 8 ) .  Without l o s s  o f  g e n e r a l i t y ,  we can r e s c a l e  
s o  t h a t  a = 1. We can  now r e w r i t e  ( 2 4 )  u s i n g  ( 2 5 )  t o  d e f i n e  W i i .  
( 2 9 )  W i j  [-log Li j  + Log (wij/wii)] 
j #i 
S 
+ v ia [ -~og  Cia + Log (ViQ/Wii)] 
a.1 I 
+ C Wii Log (-Lii) 
i=l 
where t h e  convex i ty  o f  t h e  b r a c k e t e d  t e rms  o f  ( 2 9 )  f o l l o w s  from 
t h e  well-known r e s u l t  t h a t  Gibbs F ree  Energy Func t ion ,  
n  
( 3 0 )  G(x)  = 1 x  Log ( x . / u )  j =1 j J 
where u  = 1 x  x  > 0 ,  i s  convex. j ,  j - j =1 
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